Abstract. In this paper, we investigate the properties of the full colored HOMFLYPT invariants in the full skein of the annulus C. We show that the full colored HOMFLYPT invariant has a nice structure when q → 1. The composite invariant is a combination of the full colored HOMFLYPT invariants. In order to study the framed LMOV type conjecture for composite invariants, we introduce the framed reformulated composite invariantŘ p (L). By using the HOMFLY skein theory, we prove thatŘ p (L) lies in the ring 2Z[(q−q −1 ) 2 , t ±1 ]. Furthermore, we propose a conjecture of congruent skein relation forŘ p (L) and prove it for certain special cases.
Introduction
The HOMFLYPT polynomial is probably the most useful two variables link invariant which was first discovered by Freyd-Yetter, Lickorish-Millet, Ocneanu, Hoste and Przytychi-Traczyk. Based on the work [22] of Turaev, the HOMFLYPT polynomial can be obtained from the quantum invariant associated with the fundamental representation of the quantum group U q (sl N ) by letting q N = t. More generally, if we consider the quantum invariants [21] associated with arbitrary irreducible representations of U q (sl N ), by letting q N = t, we get the colored HOMFLYPT invariants W A (L; q, t). See [14] for detailed definition of the colored HOMFLYPT invariants through quantum group invariants of U q (sl N ). The colored HOMFLYPT invariants have an equivalent definition through the satellite invariants in HOMFLY skein theory which, we refer to [13] for a nice explanation of this equivalence.
From the view of HOMFLY skein theory, the colored HOMFLYPT polynomial of L with L components labeled by the corresponding partitions A 1 , .., A L , can be identified through the HOMFLYPT polynomial of the link L decorated by Q A 1 , .., Q A L in the skein of the annuls C. Denote A = (A 1 , .., A L ) ∈ P L , the colored HOMFLYPT polynomial of the link L can be defined by
where w(K α ) is the writhe number of the α-component K α of L, the bracket L⋆⊗ L α=1 Q A α denotes the framed HOMFLYPT polynomial of the satellite link L ⋆ ⊗ L α=1 Q A α . In fact, the basis elements Q A α used in the above definition of colored HOMFLYPT invariant are lie in C + which is the subspace of the full skein of the annulus C. In [18] , the basis elements Q λ,µ are constructed in the full skein C. In particular, when µ = ∅, Q λ,∅ = Q λ . So it is natural to construct the satellite link invariant by using the elements Q λ,µ . We introduce the full colored HOMFLYPT invariant for a link L as
We refer to Section 2 and 3 for a review of the HOMFLY skein theory and the definition of the full colored HOMFLYPT invariant for an oriented link. We define the special polynomial for the full colored HOMFLYPT invariant for a link L with L components as follow:
In this paper, we prove Theorem 1.1. For a link L with L components K α , α = 1, .., L, we have And he formulated the LMOV type conjecture for H A (L) based on the topological string/ChernSimons large N duality [25, 4, 19, 11] . More general, in this paper, we consider the framed composite invariant H A (L) and the corresponding LMOV type conjecture. We have checked that the LMOV type conjecture for framed composite invariant holds for torus link T (2, 2k) with small framing τ = (m, n).
In the joint work [1] with K. Liu and P. Peng, for µ ∈ P, we have used the skein element P µ ∈ C |µ|,0 to define the reformulate colored HOMFLYPT invariant for a link L as follow: (1.6) where µ = (µ 1 , ..., µ L ) ∈ P L . From the view of the HOMFLY skein theory, the reformulated colored HOMFLYPT invariant Z µ (L) (orŽ µ (L)) is simpler than the colored HOMFLYPT invariant W µ (L), since the expression of P µ is simpler than Q µ and has the nice property, see [1] for a detailed descriptions. By using the HOMFLY skein theory, we prove in [1] that the reformulated colored HOMFLYPT invariants satisfy the following integrality property.
where z = q − q −1 .
In particular, when µ = ((p), ..., (p)) with L row partitions (p), for p ∈ Z + . We use the notationŽ p (L; q, t) to denote the reformulated colored HOMFLY-PT invarianť Z ((p),...,(p)) (L; q, t) for simplicity. We proposed two congruent skein relations forŽ p (L; q, t) in [1] .
In this paper, we introduce an analog reformulated invariant for composite invariant. First, for any partition ν ∈ P, we associate it a skein element R ν ∈ C by
In particular, when all the µ = ∅ in (1.8), we have R ν = P ν ∈ C |ν|,0 . We define the reformulated composite invariant as follow:
Moreover, for p ∈ Z, we use the notationŘ p (L; q, t) to denote theŘ (p),..,(p) (L; q, t) for simplicity. The reformulated composite invariantŘ p (L; q, t) can be expressed by the original reformulated invariantsŽ p .
where L α 1 ,α 2 ,.,α k is the link obtained by reversing the orientations of the α 1 , .., α k -th components of link L.
Combing Theorem 1.2, we obtain the following integrality result:
Motivated by the study of the framed LMOV type conjecture for composite invariants. We proposed a congruent skein relation for the reformulated composite invarianť R p (L; q, t). When the crossing is the linking between two different components of the link, we have the following skein relation forŘ 1 by applying the classical skein relation for HOMFLYPT polynomial:
denotes the quadruple appears in the classical Kauffman skein relation. As toŘ p (L; q, t), we propose Conjecture 1.5 (Congruent skein relation for the reformulated composite invariants). For prime p, when the crossing is the linking between two different components of the link, we haveŘ
where
We have tested a lot of examples for the above conjecture. In particular, we prove the following theorem in Section 7. Theorem 1.6. When p = 2, the conjecture holds for
, where U(−2k − 1) denotes the unknot with 2k + 1 negative kinks.
The rest of this paper is organized as follows. In Section 2, we introduce the HOMFLY skein model. In Section 3, we define the full colored HOMFLYPT invariants via HOMFLY skein theory. We compute full colored HOMFLYPT invariants for torus links in Section 4. We investigate limit behavior of full colored HOMFLYPT invariants in Section 5. In Section 6, we first introduce the composite invariants associated to full colored HOMFLYPT invariants and review the LMOV type conjecture for these composite invariants. Then we formulate a framed version LMOV type conjecture for framed composite invariants. We prove this framed LMOV type conjecture in certain special cases. In Section 7, we first review the conjecture of congruent skein relations for colored HOMFLYPT invariants then we propose a new conjecture of congruent skein relations for composite colored HOMFLYPT invariants. We prove certain examples for this conjecture. In Appendix, we provide detail computation rules for (reformulated) composite HOMFLYPT invariants.
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HOMFLY Skein theory
We follow the notations in [5] . Define the coefficient ring Λ = Z[q ±1 , t ±1 ] with the elements q k − q −k admitted as denominators for k ≥ 1. Let F be a planar surface, the framed HOMFLY-PT skein S(F ) of F is the Λ-linear combination of the orientated tangles in F , modulo the two local relations as showed in Figure 1 where z = q − q −1 , It is easy to follow that the removal an unknot is equivalent to time a scalar s = t−t −1 q−q −1 , i.e we have the relation showed in Figure 2. 2.1. The plane. When F = R 2 , it is easy to follow that every element in S(F ) can be represented as a scalar in Λ. For a link L with a diagram D L , the resulting scalar D L ∈ Λ is the framed HOMFLYPT polynomial of the link L. In the following, we will also use the notation L to denote the D L for simplicity. In particular, as to the unknot U, we have U =
The classical HOMFLYPT polynomial is defined by
where w(L) is the writhe number of the link L. Particularly, P U (q, t) = 1.
Remark 2.1. In some physical literatures, such as [16] , the self-writhew(L) instead of w(L) is used in the definition of the HOMFLYPT polynomial (2.1). The relationship between them is
where lk(L) is the total linking number of the link L.
2.2. The rectangle. We write H n,m (q, t) for the skein S(F ) of (n, m)-tangle where F is the rectangle with n inputs and m outputs at the top and matching inputs and outputs at the bottom. There is a natural algebra structure on H n,m by placing tangles one above the another. When m = 0, we write H n (q, t) = H n,0 (q, t).
The algebra H N n,m (q) is a generalization of the Iwahori-Hecke algebra of type A constructed in [8] . 
The annulus. Let C be the HOMFLY skein of the annulus, i.e. C = S(S 1 ⊗ I). C is a commutative algebra with the product induced by placing one annulus outside another. Let T ∈ H n,m be a (n, m)-tangle, we denote byT its closure in the annulus. This is a Λ-linear map, whose image we write C n,m . It is clear that every diagram in the annulus presents an elements in some C n,m .
As an algebra, C is freely generated by the set {A m : m ∈ Z}, A m for m = 0 is the closure of the braid σ |m|−1 · · · σ 2 σ 1 , and A 0 is the empty diagram [23] . It follows that C contains two subalgebras C + and C − which are generated by {A m : m ∈ Z, m ≥ 0} and {A m : m ∈ Z, m ≤ 0}. The algebra C + is spanned by the subspace C n,0 . There is a good basis {Q λ } of C + consisting of the closures of certain idempotents of Hecke algebra H n,0 (q, t).
In [5] , R. Hadji and H. Morton constructed the basis elements {Q λ,µ } explicitly for C. We will review this construction in next section.
2.4. Skein involutions. For every surface F , first we can define the mirror map¯: S(F ) → S(F ) as follows. For a tangle T , we define the mirrorT to be T with all its crossings switched. For the coefficient ring Λ, we define the mirror byq = q −1 ,t = t −1 . For the annulus S 1 × I, rotation the diagrams in S 1 × I by π about the horizontal axis through the center of annulus induces a map * : C → C. It is easy to see that
Full colored HOMFLYPT invariants

Partitions and symmetric functions.
A partition λ is a finite sequence of positive integers (λ 1 , λ 2 , ..) such that
The length of λ is the total number of parts in λ and denoted by l(λ). The degree of λ is defined by
If |λ| = d, we say λ is a partition of d and denoted as λ ⊢ d. The automorphism group of λ, denoted by Aut(λ), contains all the permutations that permute parts of λ by keeping it as a partition. Obviously, Aut(λ) has the order
where m i (λ) denotes the number of times that i occurs in λ. We can also write a partition λ as
Every partition can be identified as a Young diagram. The Young diagram of λ is a graph with λ i boxes on the i-th row for j = 1, 2, .., l(λ), where we have enumerate the rows from top to bottom and the columns from left to right.
Given a partition λ, we define the conjugate partition λ t whose Young diagram is the transposed Young diagram of λ which is derived from the Young diagram of λ by reflection in the main diagonal.
Denote by P the set of all partitions. We define the n-th Cartesian product of P as P n = P × · · · × P. The elements in P n denoted by A = (A 1 , .., A n ) are called partition vectors.
The following numbers associated with a given partition λ are used frequently in this paper:
Obviously, k λ is an even number and
The m-th complete symmetric function h m is defined by its generating function
The m-th elementary symmetric function e m is defined by its generating function
Obviously,
The power sum symmetric function of infinite variables x = (x 1 , .., x N , ..) is defined by
Given a partition λ, define
The Schur function s λ (x) is determined by the Frobenius formula
where χ λ is the character of the irreducible representation of the symmetric group S |µ| corresponding to λ. C µ denotes the conjugate class of symmetric group S |µ| corresponding to partition µ. The orthogonality of character formula gives
For λ, µ, ν ∈ P, we define the littlewood-Richardson coefficient c ν λ,µ as
It is easy to see that c ν λ,µ can be expressed by the characters of symmetric group by using the Frobenius formula
3.2. Basic elements in C. Given a permutation π ∈ S m with the length l(π), let ω π be the positive permutation braid associated to π. We have l(π) = w(ω π ), the writhe number of the braid ω π .
We define the quasi-idempotent element in H m : 
Given a partition µ, we define
3.3. The meridian maps of C. Take a diagram X in the annulus and link it once with a simple meridian loop, oriented in either direction, to give diagrams ϕ(X) andφ(x) in the annulus. This induces linear endmorphisms ϕ,φ of the skein C, called the meridian maps. Each space C n,m is invariant under ϕ andφ [17] .
It is showed in [13] that the eigenvectors of ϕ on C n,0 are identified with Q λ , the closure of the idempotents in Hecke algebra H n . Moreover, Q λ can be expressed as explicit integer polynomials in {h m } m≥0 . Then, in [5] , Hadji and Morton constructed the eigenvectors of ϕ on the whole skein C as follow.
3.4. Construction of the elements Q λ,µ . Given two partitions λ, µ with l and r parts. We first construct a (l + r) × (l + r)-matrix M λ,µ with entries in {h m , h * k } m,k∈Z as follows, where we have let h m = 0, if m < 0 and h * k = 0 if k < 0.
It is easy to note that the subscripts of the diagonal entries in the h-rows are the parts λ 1 , λ 2 , ..., λ l of λ in order, while the subscripts of the diagonal entries in the h * -rows are the parts µ 1 , µ 2 , .., µ r of µ in reverse order.
Then, Q λ,µ is defined as the determinant of the matrix M λ,µ .
Example 3.1. For two partitions λ = (4, 2, 2) and µ = (3, 2). Then
Given two partitions λ, µ, define
where c(x) = j − i is the content of the cell in row i and column j of the diagram. It is showed in [17] that the set k λ,µ forms a complete set of eigenvalues of the meridian map ϕ, each occurring with multiplicity 1. Furthermore, it is prove in [5] that the element Q λ,µ is an eigenvector of the meridian map ϕ, with eigenvalue k λ,µ . Thus {Q λ,µ } forms a basis of C. Moreover, the basis elements Q λ,µ of C have the property that the product of any two is a non-negative integer linear combination of basis elements. 
which derived from L by replacing every annulus L by the annulus with the diagram Q α such that the orientations of the cores match. Each Q α has a small backboard neighborhood in the annulus which makes the decorated link L ⊗ L α=1 Q α into a framed link. In particular, when Q λ α ,µ α ∈ C dα,tα , where λ α , µ α are the partitions of positive integers d α and t α respectively, for α = 1, .., L.
By the result in [3] , it is easy to show that the framing factor for Q λ,µ is q κ λ +κµ t |λ|+|µ| .
Definition 3.3. The (framing-independence) full colored HOMFLYPT invariant of L is defined as follow:
Example 3.4. For the unknot U, by the formula (3.23), we have
where s 3.6. Symmetric properties. By the definition the mirror map¯and * map, it is easy to see
For a knot K, we have
where the last equality is followed by the fact that the HOMFLYPT polynomial of a knot is independent of its orientation. For a link L with L-components, we have
Given a partition λ, let λ t be its conjugate partition. Then in the skein C we have
Full colored HOMFLYPT invariants for torus links
Let us consider the L-component torus link T = T nL mL which is the closure of the framed mL-braid (β mL ) nL , where (m, n) = 1. The braid β m is showed in Figure 3 .
Remark 4.1. In some literatures (such as [14] ), the L-component torus link T (mL, nL) is defined to be the closure of the braid (σ 1 · · · σ mL−1 ) nL . It is clear that T nL mL and T (mL, nL) represent the same torus link but with different framings.
In the following, we give an explicit expression for F nL mL (⊗ L α=1 Q λ α ,µ α ). Let Λ x and Λ x * be the rings of symmetric functions with variables (x 1 , x 2 , ....) and (x * 1 , x * 2 , ...) respectively. The Schur functions s λ (x)(λ ∈ P) forms a basis of the ring Λ x [15] . It is showed in [9] that the polynomials s λ,µ (x; x * )(λ, µ ∈ P) (the notation [λ, µ] GL in [9] ) forms a Z basis of the ring Λ x ⊗ Λ x * . We define the m-th Adams operator Ψ m on Λ x and Λ x ⊗ Λ x * as follow:
Since C + is isomorphic to the ring Λ x . C is isomorphic to the ring Λ x ⊗ Λ x * . For any
We have the following formula which is the generalization of Theorem 13 showed in [18]
Since {Q λ,µ : λ, µ ∈ P, |λ| = d, |µ| = r} forms a basis of C d,r , we have the expansion
are the coefficients given by the following formula
By the definition of the fractional twist map of τ n m , we obtain is given by
where Q ρ,ν = s # ρ,ν (q, t) is the full colored HOMFLYPT invariant of the unknot U. Now, let us give the explicit expression of the coefficient C
. We need the following formulas in [9] . 
By formula (4.11), we have Finally, by formula (4.9), we have
where we have let
Thus, we obtain the following formula
Combing the formula (4.16), we get the expression for the full HOMFLYPT invariant for torus link T nL mL :
is a framing-independent invariant, we also have
Example 4.2. As to the torus knot T (2, 2k + 1), we have (2) . (4) .
Special polynomials
For a knot K and a partition λ ∈ P, P. Dunin-Barkowski, A. Mironov, A. Morozov, A. Sleptsov and A. Smirnov [2] defined the following special polynomial
In particular, when λ = (1), we have
where P K (q, t) is the HOMFLYPT polynomial as defined in (2.1).
After testing many examples [2, 6, 7] , they proposed the following conjectural formula:
A rigid mathematical proof of the formula (5.3) is given in [12] and [26] with different methods. In fact, they have proved that the formula (5.3) holds for any link L. The special polynomial for a link L with L components is defined as follow:
Theorem 5.1 ([12] and [26] ).
We can also define the special polynomial for full colored HOMFLYPT invariant for a link L with L components similarly:
In order to prove the Theorem 5.2, we need introduce a classical result due to Lichorish and Millet [10] which showed that for a given link L with L components, the lowest power of q − q −1 in the HOMFLYPT polynomial P L (q, t) is 1 − L.
Theorem 5.3 (Lickorish-Millett [10] ). Let L be a link with L components. The HOM-FLYPT polynomial has the expansion
where p Kα 0 (t) is the HOMFLYPT polynomial of the α-th component of the link L with q = 1, i.e. p Kα 0 (t) = P Kα (1, t) . By the definition in our notation (2.1), we have
by the formula (2.2).
We now give the proof of the Theorem 5.2.
Proof. We only give the proof for the case of a knot K. It is easy to generalize the proof for any link L. Given two partitions λ and µ with |λ| = n and |µ| = m, since
where the leading term
(1 m ) has (m + n)-components by (3.17) and LT s denotes the terms with components less than (n + m) in the skein C .
By the Definition 3.3, we have
Since K⋆P (1 n ) P * (1 m ) is a link with n+m components, according to the expansion formula (5.10), we have
= 0, by a direct calculation, we obtain
According to the formula (5.11),
6. Composite invariants and integrality property 6.1. LMOV type conjecture for composite invariants. Given a link L with L components, for
The Chern-Simons partition function for composite invariant is the generating function given by
There exists the functions h A (L; q, t) determined by the following expansion
For convenience, we introduce the notation
By the orthogonal relation of the character, we obtain
In particularly,
where q ρ = (q −1 , q −3 , q −5 , ...). In 2009, M. Mariño [16] proposed the following conjecture:
In other words, there exist integer invariants N B,g,Q such that
The Conjecture 6.1 was checked for a lot of torus knots and links in [16, 24] .
6.2. The framed LMOV type conjecture for composite invariants. In this subsection, we introduce the framed LMOV type conjecture for composite invariants. The Conjecture 6.1 can be viewed as a particular case of this framed LMOV type conjecture with framing zero.
Given a link L with L components K α , α = 1, ..., L. We define the framed Chern-Simons partition function as
where H A (L; q, t) is the framed composite invariant defined as follow:
There also exist functions h A (L; q, t) such that:
In other words, all N B,g,Q ∈ Z, and N B,g,Q vanishes for large g, Q.
The Conjecture 6.2 was studied first in [20] . However, it was only checked for torus knots in that paper. In this paper, we have checked a lot of examples for torus links. In the following, we provide the example for Hopf link with different framings. Example 6.3. As to the Hopf link T (2, 2), it has two components K 1 and K 2 . In fact,
We use the notation T (2, 2)(m, n) to denote the link obtained by adding m and n kinks to K 1 and K 2 respectively. Thus, the link T (2, 2)(m, n) has the framing τ = (τ 1 , τ 2 ) = (m, n).
We have computedĥ B (T (2, 2)(m, n); q, t) for small m, n and B.
(1) For T (2, 2)(0, 0):ĥ
(2)For T (2, 2)(1, −1):
(3)For T (2, 2)(1, 0):
7. Reformulated composite invariants and congruent skein relation 7.1. Review of the previous work. In the joint work [1] with K. Liu and P. Peng, for µ ∈ P, we use the skein element P µ ∈ C |µ|,0 to introduce the reformulated colored HOMFLYPT invariant for a link L.
The framed LMOV conjecture is reduced to the study of the properties of these reformulated colored HOMFLYPT invariants. From the view of the HOMFLY skein theory, the reformulated colored HOMFLYPT invariant Z µ (L) orŽ µ (L) is simpler than the colored HOMFLYPT invariant W µ (L), since the expression of P µ is simpler than Q µ and has the nice property, see [1] for a detailed descriptions. By using the HOMFLY skein theory, we prove in [1] that the reformulated colored HOMFLYPT invariants satisfy the following integrality property.
In particular, when µ = ((p), ..., (p)) with L row partitions (p), for p ∈ Z + . We use the notationŽ p (L; q, t) to denote the reformulated colored HOMFLY-PT invarianť Z ((p),...,(p)) (L; q, t) for simplicity. We have proposed the following congruent skein relations for the reformulated colored HOMFLY-PT invariantŽ p (L; q, t) in [1] :
For any link L and a prime number p, we havě
when the crossing is the self-crossing of a knot, anď
when the crossing is the linking of two different components of the link L. Where the notation A ≡ B mod C denotes
The Conjecture 7.2 has been tested by a lot of examples in [1] . As the application, we have the following result for any link L.
denotes the writhe number of the knot K. For any prime number p, we havě
In fact, Corollary 7.3 is equivalent to the framed LMOV conjecture in a special case. In conclusion, these beautiful structures of the reformulated colored HOMFLYPT invariant convince us that it is natural to study the reformulated colored HOMFLYPT invariant
7.2. Reformulated composite invariants. In the following, we introduce an analog reformulated invariant for composite invariant. First, for any partition ν ∈ P, we associate it a skein element R ν ∈ C by
In particular, when all the µ = ∅ in (7.6), we have R ν = P ν ∈ C |ν|,0 . Definition 7.4. For a link with L components, we define the reformulated composite invariants
Moreover, for p ∈ Z, we use the notationŘ p (L) to denote theŘ (p),..,(p) (L) for simplicity.
By this definition, the framed Chern-Simons partition Z CS (L) defined in (6.9) can be rewrote in a neat form:
As in [1] , we reduce the study of the framed Mariño conjecture to investigate the properties of R ν (L; q, t) ( orŘ ν (L; q, t)).
The detailed calculations showed in Appendix leads to the following expression for R ν in the full skein C.
Thus, in particular, for the partition ν = (p), we have
For an oriented knot K, we reverse its orientation and denote the new knot as K * . In other words, K and K * are two same knots but with the opposite orientation. Because for a knot, the HOMFLY skein relation is independent of the orientation of knot, we obtain K = K * . Furthermore, let Q ∈ C, we have
Hence for a knot K, we havě
Now we consider the case of link. Let L be an oriented link with L components K α with α = 1, 2, .., L. For convenience, we also write
We use the notation L * to denote the new link obtained by reversing the orientations of all components, i.e.
By reversing the orientations of the components K α 1 , .., K α k , we obtain the new link
It is obvious that
.,L (7.15) whereα i denotes the index α i is omitted.
Combing the above notations, by the formula (7.10), we finally have
By Theorem 7.1, we obtain the following integrality result:
.,L ) (7.18) by (7.13) and (7.15) . The 2 L terms in the summation of (7.16) is reduce to 2 ×2 L−1 terms.
We havě
Where the second "=" is since
). Because changing all the orientations of the components of a link does not change the HOMFLYPT invariant. 7.3. Congruent skein relation. When the crossing is the linking between two different components of the link, we have the following skein relation forŘ 1 by applying the classical skein relation for HOMFLYPT polynomial, we geť R 1 (L + ; q, t) −Ř 1 (L − ; q, t) = [1] 2 Ř 1 (L 0 ; q, t) −Ř 1 (L ∞ ; q, t) , (7.20) where (L + , L − , L 0 , L ∞ ) denotes the quadruple appears in the classical Kauffman skein relation. As toŘ p (L; q, t), we propose Conjecture 7.9 (Congruent skein relation for reformulated composite invariants). For prime p, when the crossing is the linking between two different components of the link, we haveŘ p (L + ; q, t) −Ř p (L − ; q, t) (7.21)
We have tested a lot of examples for the above conjecture. In particular, we have the following result. Proof. We need to prove the following identity: R (2)(2) (T (2, 2k + 2); q, t) −Ř (2)(2) (T (2, 2k) ; q, t) (7.22) ≡ −2 [2] 2 Ř (2) (T (2, 2k + 1); q, t) −Ř (2) (U(−2k − 1); q, t) mod [2] 2 {2} 2 .
By formula (7.19), we havě R (2)(2) (T (2, 2k); q, t) = 2 [2] 2 (Z (2)(2) (T (2, 2k); q, t) + Z (2)(2) ((T (2, 2k)) * ; q, t)) (7.23) where (T (2, 2k)) * denotes the link obtained by reversing the orientation of the second component of T (2, 2k). Then Z (2)(2) (T (2, 2k + 2); q, t) −Ž (2)(2) (T (2, 2k) ; q, t) (7.27) ≡ −2 [2] 2Ž (2) (T (2, 2k + 1); q, t) mod [2] 2 {2} 2 .
So in order to prove the formula (7.22), we only need to show Z (2)(2) (T (2, 2k + 2)) * ; q, t) −Ž (2)(2) (T (2, 2k)) * ; q, t) (7.28) The proof is completed.
8. Appendix 8.1. The expression for R ν . We use the notations A, B, C, .. and λ, µ, ν, ρ, σ, δ, ξ, η, τ, ... to denote the partitions in P. Given two partitions λ = (λ 1 , .., λ l(λ) ) and µ = (µ 1 , ..., µ l(µ) ), we use λ∪µ to denote the new partition with all its parts are given by λ 1 , .., λ l(λ) , µ 1 , ..., µ l(µ) . Moreover, the summing notation B∪C=ν denotes the sum of all the partitions B and C (including B, C = ∅) such that B ∪ C = ν. And the summing notation 
